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Abstract
We show that in certain corona algebras, -unital hereditary subalgebras have the property
that their double relative commutant in the corona algebra is equal to the unitization of the given
hereditary subalgebra. We also give several results on polar decomposition in such algebras.
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1. Introduction
There are quite a number of extant results showing that in one way or another,
corona algebras have algebraic properties similar to those of von Neumann algebras.
We mention, in particular, Voiculescu’s result [1,18] that unital separable subalgebras of
the Calkin algebra B(H)/K(H) are equal to their own double commutant. Moreover,
Pedersen and Olsen [12] showed that every element of a corona algebra admits a polar
decomposition, x = v|x|, where, however, the element v is only a contraction rather than
a partial isometry, and is not necessarily unique. Another result, due to Pedersen, is that
hereditary subalgebras of a corona algebra have, in a sense, orthogonal complements:
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Theorem 1 (Pederson [14]). Let C be a hereditary and -unital subalgebra of a corona
algebra. Let C⊥ be the annihilator {a : Ca = {0}, aC = {0}} of C within the corona.
Then C⊥⊥ = C .
The aim of this paper is to establish an abstract double (relative) commutant theorem,
similar to Voiculescu’s. We shall show that for certain corona algebras, in particular
those associated with purely inﬁnite simple separable algebras, -unital hereditary sub-
algebras of the corona have the property that their double relative commutant in the
corona algebra is equal to the unitization of the given hereditary subalgebra. It seems
to be reasonably standard in the literature [14] to denote relative commutants by a
prime, for example, C′, where no confusion can result. We shall be working mostly
in the setting of abstract C∗-algebras (without explicit use of representations), and all
commutants will be relative to some corona algebra.
2. Preliminaries
In a previous paper [6], we established the following theorem, dealing with extensions
of C∗-algebras:
Theorem 2. Let A and B be separable C∗-algebras, with B stable and A unital. Let
0 −→ B −→ C −→ A → 0 be an essential unital semisplit extension with weakly
nuclear splitting morphism s : A −→ C. Then the following are equivalent:
(1) The extension is absorbing, in the nuclear sense,
(2) The extension algebra has the property that, for every c ∈ C+ that is not zero in
C/B, the hereditary subalgebra that it generates, cBc, contains a stable subalgebra
that is full in B.
We label the second condition the purely large property:
Deﬁnition 3. Let B be separable, stable. Let C be a separable unital subalgebra of
M(B). Then, we say that the algebra C is purely large if the algebra C has the
property that, for every c ∈ C+ that is not zero in C/B, the hereditary subalgebra that
it generates, cBc, contains a stable subalgebra that is full in B.
Rephrasing the theorem entirely in terms of C∗-algebras, one can show that for
unital separable subalgebras of the multipliers M(B), the following three conditions
are equivalent:
(1) The algebra C is purely large.
(2) The algebra C has the approximation property that, for every c ∈ C+ that is not
zero in C/B, and every positive b in B, there is an element r ∈ B making the
norm of b− rcr∗ arbitrarily small. Moreover, the element r can be assumed to be
of norm one if B and C/B are.
(3) If  : C −→M(B) is a unital, weakly nuclear, completely positive map that is
zero on B, then there is a multiplier isometry V such that (c) = V ∗cV mod B.
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Remark 4. (1) It can readily be shown that all separable unital subalgebras of B(H)
are purely large with respect to the compact operators. Moreover, if B is a purely
inﬁnite simple C∗-algebra, then again, any separable unital sub-algebra of M(B)
is purely large. In both case, the corona algebra M(B)/B is simple. This is not
an accident, as it can be shown by a KK-theoretical argument that we omit that if
every separable unital subalgebra of some given multiplier algebra is purely large,
then the associated corona algebra is simple.
(2) Also, let us point out that the condition of weak (or strict [16]) nuclearity mentioned
in the third part of the above is automatically fulﬁlled if the canonical ideal B is
nuclear (recall that a map  : A −→M(B) is weakly nuclear if the maps a →
b(a)b∗ are nuclear for all b in the canonical ideal B.).
Lemma 5. Let A be a C∗-algebra and let B be a sub-C∗-algebra. Let  : x → V ∗xV
be a map from B into A, where V is some partial isometry in A. Then this map is a
homomorphism if and only if VV ∗ commutes with all x in B.
Proof. Suppose that the given map  is a homomorphism. Then, denoting the projection
VV ∗ by P , we have V ∗x∗PxV = V ∗x∗xV for all x in B. Hence Px∗PxP = Px∗xP ,
so that Px∗(1− P)xP = 0 and hence ‖(1− P)xP ‖ = 0. Therefore x = PxP + (1−
P)x(1− P), and P commutes with all x in B.
For the converse direction, observe that if VV ∗ commutes with y, then V ∗xyV =
V ∗xyPV = (V ∗xV )(V ∗yV ), and thus  is a homomorphism. 
3. Main theorem
Theorem 6. Let B be a stable, separable, purely inﬁnite algebra. Let C be a nonuni-
tal, hereditary, -unital sub-C∗-algebra of the corona algebra M(B)/B. Then the
double relative commutant of C in the given corona algebra is equal to the unitization
of C.
We shall prove this theorem by proving the following more general result:
Theorem 7. Let B be a stable, separable algebra having the property that for every
positive element of the multiplier algebra M(B) that is not zero in M(B)/B, the
hereditary subalgebra cBc generated in the ideal contains a stable subalgebra that
is full in B. Let C be a nonunital, hereditary, -unital sub-C∗-algebra of the corona
algebraM(B)/B. Then the double relative commutant of C in the given corona algebra
is equal to the unitization of C.
Proof. Let t ∈ C ′′ ⊆ M(B)/B and, to establish a contradiction, suppose that t is
nonzero, positive and not in the unitization ofC. Deﬁne the nonunital algebra T :=C∗(t, c),
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where c is a strictly positive element for C, and deﬁne a family of maps
a : T −→ M(B)/B,
x → a∗xa,
parametrized by elements a in the unit ball of C⊥.
We now prove, by contradiction, that t is in the unitization of C. The proof proceeds
in several steps:
(1) We show that any map a : T −→M(B)/B of the above form is a homomor-
phism.
Since a ∈ C⊥ and t ∈ C′′ commute, it follows that a maps the ideal of T generated
by c to zero, and we actually have a map a : T −→ C∗(a, t), into a commutative
subalgebra of the corona. Letting aˆ, cˆ, tˆ denote liftings of a, c, t into the multipliers
M(B), we can as well consider this map to be a map into C∗(aˆ,tˆ)
B
. Since the norm of a is
bounded by 1, the map is contractive, and obviously is completely positive. By Lemma
3.9 in [3], or by Arveson’s extension theorem [2], we can extend this map to a unital
map between the unitizations of the source and target algebras, without losing complete
positivity (this is where we use the assumption that T is not already unital). Next, recall
that C∗(a, t )˜ is commutative, hence nuclear, and moreover T˜ is separable. Hence a is
a nuclear and unital completely positive map with separable domain algebra, and hence
the hypotheses of the Choi–Effros lifting theorem [3] are met. Thus, we can lift to a
unital nuclear completely positive map ˆa : T˜ −→ C∗(aˆ, tˆ , B)˜ ⊆M(B). Finally, the
canonical quotient map  : M(B) −→ M(B)
B
is unital and completely positive (being
a homomorphism), and hence the composition ˆ ◦  gives a map from C∗(cˆ, tˆ , B)˜ to
M(B) which is zero on B, unital, nuclear, and completely positive. Hence the purely
large property can be applied, and, restricting to T, we obtain a multiplier isometry
such that in the corona, V ∗xV = a∗xa, for all x in T .
Since the kernel of x → a∗xa contains a strictly positive element c for C, it follows
that V ∗cV = 0, and thus that c1/2V = 0. As c1/2 is still strictly positive for C, it
follows that CV = {0} and hence V is a left annihilator of C. Since VV ∗ is then a
two-sided annihilator of C, it follows that VV ∗ commutes with C, but as t is in the
double relative commutant of C, then VV ∗ in particular also commutes with t , and by
Lemma 5, the map a is a homomorphism.
(2) We now show that the element t is in C.
It has already been shown that the maps a : T −→M(B)/B are homomorphisms,
possibly zero, for all positive a in the unit ball of C⊥:
Since a is a homomorphism, for all continuous functions f vanishing at zero we
have that f (a(t)) = a(f (t)), which in particular shows that ata2ta = at2a. Recall-
ing that t is in the double relative commutant of C and hence commutes with elements
of C⊥ ⊂ C′, we have
a(t2 − ta2t)a = 0
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so that
t (a2 − a4)t = 0.
It follows that the positive element t is orthogonal to (a2 − a4)1/2. By a functional
calculus argument, any positive element h in C⊥ of norm less than 12 can be written
as (a2 − a4)1/2 for some positive a in C∗(h) ⊂ C⊥ with ‖a‖ 1√
2
. It then follows
from the above argument that t is actually orthogonal to all of C⊥ and hence is in C
by Theorem 1. This is a contradiction, since we assumed that t was not in C˜.
Thus t is necessarily in the unitization of C. 
We thus see that, for example, in the corona Q of a purely inﬁnite, separable,
simple, stable algebra, nuclear or not, we have that C ′′ = C˜ for all -unital hereditary
subalgebras C of Q. If it were the case that Q∗∗ = Q, then the double relative
commutant of a -unital hereditary subalgebra of Q would be equal to the ordinary
double commutant, whereupon our result reduces to a special case of Voiculescu’s
theorem [1,18].
There are many algebras—the so-called absorbing algebras [11]— for which only
full elements of the corona have the purely large property (for a trivial example,
consider purely inﬁnite nonsimple algebras as deﬁned by Rørdam and Kirchberg [10]),
and a corresponding theorem, with fullness as a condition in the hypothesis, could be
established in this case. Many type I and real rank zero algebras are absorbing algebras,
and this class has many nice properties.
For the application of our results, it may be convenient to have an easy way to
distinguish between unital and nonunital -unital hereditary subalgebras. Hence the
following lemma or proposition:
Proposition 8. Suppose 1, |x| are nonzero elements of some C∗-algebra A. Then the
following are equivalent:
(1) Zero is a limit point of the spectrum of |x|,
(2) C∗(|x|) is nonunital, and
(3) xAx∗ is nonunital.
Proof. Since xAx∗ is isomorphic to |x|A|x|, we can reduce to the case of positive x.
(1) We ﬁrst show (iii) implies (ii). Since xAx is -unital, by Cohen’s factorization
theorem [4], for each a ∈ xAx, there is a function f ∈ C0(0,∞) such that
a = f (x)a′f (x) for some a′ ∈ xAx. Therefore, a unit for C∗(x) ⊆ xAx would be
a unit for xAx.
(2) We next show (ii) implies (i). If the spectrum of |x| did not have zero as a limit
point, then the spectrum of x would be contained in the set {0} ∪ (a, b] for some
a, b > 0. Then there is a function f ∈ C(0, b] such that f (x)x = x.
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(3) We ﬁnally show that (i) implies (iii). If zero is a limit point of the spectrum of x,
(of course, then zero is in the spectrum), the operator x does not have a bounded
inverse. Hence elements of the form xax with a ∈ A+, do not have bounded
inverses. But these elements are dense in the positive cone of xAx, and if xAx
had a unit, a suitable neighbourhood of the unit would be an open set contained
in the group of invertible elements of xAx, leading to a contradiction. 
Now we recall two technical lemmas, the ﬁrst due to Kirchberg [9]:
Lemma 9. A completely positive, weakly nuclear contraction can be unitized without
losing complete positivity or weak nuclearity.
The next lemma is taken from [6], Section 16.
Lemma 10. The unitization of a purely large subalgebra of the multipliers, containing
the canonical ideal, is again purely large.
Let us ﬁrst state the next result in terms of Extnuc, since the statement appears very
natural in that setting, and then reformulate without mention of extensions.
Proposition 11. Let x be an element of the range S of the Busby map associated with
some absorbing element of Extnuc(A,B), with A and B separable, B stable. If C∗(|x|)
is not unital, then, there is a multiplier isometry V such that V ∗|x|s|x|V = xsx∗ for
all s in the given range.
Proof. Let us denote the image of the Busby map by S. Consider the polar decomposi-
tion x = w|x| in the enveloping von Neumann algebra, and deﬁne  : |x|S|x| −→ xSx∗
by the adjoint action c → wcw∗ of w∗. Then, let D be a (separable) lifting of |x|S|x|
to the multipliers, containing the canonical ideal B. Since |x|S|x| is not unital, neither
is D. Denoting the given (semi)splitting map p : S −→ C, where C is the extension
algebra of the given extension, we have a completely positive map p ◦◦ : D −→ C
that is weakly nuclear (since p is), zero on B ⊂ D, and has range contained in a
purely large subalgebra. By Lemma 9 (and Lemma 10), the unitization of the map
p ◦  ◦  : D −→ C still has all the properties needed to apply the purely large prop-
erty. Hence, modulo B, we have p ◦ ◦ = AdV for some multiplier isometry V . But
of course, modulo B, this is equivalent to saying that  = AdV , as desired. 
Corollary 12. Let B be a stable, separable, purely inﬁnite algebra. Suppose that S ⊂
M(B)/B is separable and nuclear, then for each x ∈ S such that C∗(|x|) is not unital
there is a multiplier isometry V such that V ∗|x|s|x|V = xsx∗ for all s ∈ S.
Proof. Since S is nuclear and separable, we can use the Choi–Effros lifting theorem
applied to the inclusion map ™ : S −→M(B)/B to obtain a nuclear completely positive
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map p : S −→M(B), and use it as the splitting map in the argument of the previous
proposition. 
Of course, the above result has a more technical counterpart in terms of algebras
having the property that for every positive element of the multiplier algebraM(B) that
is not zero in M(B)/B, the hereditary subalgebra cBc generated in the ideal contains
a stable subalgebra that is full in B.
The next proposition, loosely speaking, shows that in the type of corona algebra under
discussion, polar decomposition does not lead to pure isometries of ﬁnite multiplicity.
Proposition 13. Let C∗(|x|) be a nonunital subalgebra of the corona of a stable,
separable, purely inﬁnite algebra. Then, the Hilbert space kernels of x and x∗ are
unitarily equivalent, and the partial isometry in the polar decomposition of x in the
enveloping von Neumann algebra can be extended to a unitary.
Proof. Regarding the given corona algebra as a subalgebra of B(H) via the universal
representation, the element x acts on the (possibly nonseparable) Hilbert space H.
(We could consider any representation, as since a corona algebra satisfying the given
hypotheses is simple, every representation is faithful.)
Let S be a separable subalgebra generated by 1 and |x|. Consider the polar decom-
position x = w|x| in the enveloping von Neumann algebra, and deﬁne  : |x|S|x| −
→ xSx∗ by the adjoint action c → wcw∗ of w∗. Noting that xSx∗ is a (commutative,
hence nuclear) algebra, even though x is not in S, we can use the argument of the
previous theorem, obtaining the map there denoted p by means of the Choi–Effros
lifting theorem applied to the inclusion map ™ : xSx∗ −→M(B)/B. We thus have a
multiplier isometry v such that v∗|x|s|x|v = xsx∗ for all s in S. Moreover, since this
isometry implements a homomorphism, it follows by Lemma 5 that P := vv∗ and x∗x
commute. Thus,
x∗x = Px∗xP + (1− P)x∗x(1− P).
Applying the map  → (·, ) to both sides of this equation, we see that for any vector
 in the Hilbert space H, we have
‖x‖2 = ‖xP‖2 + ‖x(1− P)‖2. (1)
Moreover, from the equation v∗x∗xv = xx∗, we ﬁnd that ‖xv‖ = ‖x∗‖. Observing
that H is isometric to vH, we have that the kernel kerH xv is unitarily equivalent to
kerPH x. Thus
kerH x∗ ∼= kerPH x.
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Eq. (1) implies that P kerH x is a subspace of kerH x, and hence that kerPH x =
P kerH x. We thus see that the kernel of x∗ on H is unitarily equivalent to a subspace
of the kernel of x on H, and in particular, that an orthogonal basis for the kernel of
x∗ is equivalent to an orthogonal basis for a subspace of the kernel of x. Reversing
the rôle of x and x∗, we see that the converse is also true, and hence, by the Cantor–
Bernstein theorem, a basis for kerH x∗ has the same cardinality as a basis for kerH x.
Hilbert spaces having basis of the same cardinality are unitarily equivalent, so we have
proven the ﬁrst claim. The second claim follows immediately, by extending the partial
isometry in the von Neumann polar decomposition of x. 
Our results thus far have depended on the Choi–Effros lifting theorem to construct
suitable multiplier algebra maps from given corona algebra maps. One can instead use
the Effros–Haagerup lifting theorem [5]:
Lemma 14. Let S be exact and B be nuclear. Let A be separable. Then (unital) com-
pletely positive contractive maps  : A −→ S
B
can be lifted to (unital) completely
positive contractive maps ˜ : A −→ S.
Proof. Since, by [19, Remark 9.5] an exact algebra has Archibold and Batty’s property
C, it follows that for all C∗-algebras A,
0 −→ A⊗ B −→ A⊗ S −→ A⊗ S
B
−→ 0 (2)
is exact [19, Proposition 5.2]. (Note that the above exact sequence (2) does not follow
directly from the deﬁnition of exactness.) But then, by the Effros–Haagerup lifting
theorem [5,19], a unital and completely positive map  : D −→ S
B
can be lifted to a
unital completely positive maps ˜ : D −→ S. The nonunital case can be reduced to
the unital case by unitizing the map using Arveson’s extension theorem. 
Combining the above with the Weyl–von Neumann theorem used previously, we
have:





be a completely positive contractive (unital) map. Suppose that:
(1) the subalgebra S2 is exact,
(2) the subalgebra S1 is separable and purely large,
(3) the canonical ideal B is separable and nuclear.
Then, there is a multiplier isometry V such that (s) = V ∗sV for all s ∈ S2/B.
Proof. The unitization of an exact algebra is exact, and the unitization of a purely
large subalgebra is purely large, hence we can reduce to the case where S1, S2 and
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 are unital. Consider  ◦  : S1 −→ S2/B, where  is the canonical quotient map
 : M(B) −→ M(B)
B
. Notice that this composition is zero on B, so the lifting  :
S1 −→ S2 given by the lemma is also zero on B. Since B is nuclear, the lifting  is
of course weakly nuclear, and as S1 is separable and purely large, the hypotheses of
Theorem 2 are met. Hence there is a multiplier isometry V ∗ such that V ∗sV = (s)
for all s ∈ S1/B. 
We can thus modify our previous result(s), weakening the nuclearity condition on
S ⊂M(B)/B to an exactness condition. On the other hand, we must then compensate
by assuming the canonical ideal is nuclear:
Corollary 16. Let B be a stable, separable, nuclear algebra. Suppose that S ⊂ M
(B)/B is the image of an exact and purely large separable subalgebra of the multipliers.
Then for each x ∈ S such that C∗(|x|) is not unital there is a multiplier isometry V
such that V ∗|x|s|x|V = xsx∗ for all s ∈ S.
The proof is the same as that of Corollary 12, except that the Choi–Effros theorem
is replaced by the Effros–Haagerup theorem as reformulated above.
Pedersen [14, 10.11] asks for conditions on a corona algebra insuring that separable
unital subalgebras of the corona algebra are equal to their double relative commutants.
We have at least taken a step towards answering that question in this paper.
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